Abstract: Spin dynamics on networks allows us to understand how a global consensus emerges out of individual opinions. Here, we are interested in the effect of heterogeneity in the initial geographic distribution of a competing opinion on the competitiveness of its own opinion. Accordingly, in this work, we studied the effect of spatial heterogeneity on the majority rule dynamics using a three-state spin model, in which one state is neutral. Monte Carlo simulations were performed on square lattices divided into square blocks (cells). Accordingly, one competing opinion was distributed uniformly among cells, whereas the spatial distribution of the rival opinion was varied from the uniform to heterogeneous, with the median-to-mean ratio in the range from 1 to 0. When the size of discussion group is odd, the uncommitted agents disappear completely after = tr T 3.30 ± 0.05 update cycles, and then the system evolves in a two-state regime with complementary spatial distributions of two competing opinions. Even so, the initial heterogeneity in the spatial distribution of one of the competing opinions causes a decrease of this opinion competitiveness. That is, the opinion with initially heterogeneous spatial distribution has less probability to win, than the opinion with the initially uniform spatial distribution, even when the initial concentrations of both opinions are equal. We found that although the time to consensus
Introduction
Nowadays, it is recognized that many features of collective behavior of large social systems are almost independent of the attributes of individuals and details of social interactions [1] . This gives rise to the use of spin models for modeling opinion dynamics in complex social systems [1] [2] [3] [4] [5] . In general, a spin model consists of N spins located on the network nodes. Each node can adopt any of two or more admissible spin states defined in the model. The system evolution is governed by an updating rule and is strongly dependent on the network topology, connectivity, heterogeneity, etc. [6] [7] [8] [9] [10] . In this regard, the introduction of a neutral state can also have a considerable impact on the spin dynamics [11] [12] [13] [14] [15] . Furthermore, heterogeneities in the initial spatial distributions of non-zero spins also affect the system dynamics [16] . In the context of opinion dynamics, spin states can be associated with competing opinions and uncommitted attitudes.
A wide class of opinion dynamics models is based on the majority rule, according to which a chosen group of nodes (agents) adopt the state of the local majority. In the classic two-state Galam model [17] , a variable number of groups of arbitrary size are formed simultaneously, and then, the majority rule is simultaneously applied to each group. Further, the majority rule model was modified such that only a single group of a fixed size G is updated at each time step [18] [19] [20] . If a sampling is random and G is odd, the two-state majority rule system tends to a consensus [18] . Because of the lack of detailed balance, majority rule models do not conserve the average magnetization. Consequently, the probability to reach a specific consensus in a majority rule model has a nontrivial initial state dependence [19, 20] . The effect of spatial heterogeneity of rival opinions on the opinion dynamics has been studied in [16] , using the dominant influence rule model with random noise. It was found that the spatial heterogeneity reduces the opinion's competitiveness defined as the probability to win the competition. However, the use of a log-logistic distribution, random nose, and a new updating rule in the model studied in [16] introduces too many parameters that govern the opinion dynamics.
In this paper, we address the effect of heterogeneity in the initial geographic distribution of competing opinion on its own competitiveness in the classic majority rule system. The rest of the paper is structured as follows: in Section 2 we introduce the model to study the effect of spatial heterogeneity and provide the details of the Monte Carlo simulations. Section 3 is devoted to the results of numerical simulations and their discussion in the context of electoral competition. The main conclusions are outlined in Section 4.
Model and Details of Numerical Simulations
In order to model interactions among social agents, it is necessary to define the environment in which these interactions take place. In this regard, the paradigm of spatial social network equipped with a metric allows us to understand how relationships among agents (individuals, groups, or communities) affect the attributes and behaviors of themselves and other agents [21] . Many social networks are embedded in geographical space with nodes tied to geographic places and links representing connections between the places. However, generally, network links are not necessarily embedded in space. Examples include electoral networks in which each voter is linked to a specific polling station, but it can also interact with voters linked to other polling stations. Although the majority of voters have relatively small degrees, a small number of agents may have large degrees. Furthermore, there are groups of voters which are highly connected within themselves but loosely connected to other groups. Consequently, the structure of electoral network is very complex. Nonetheless, some features of electoral dynamics can be simulated on networks with relatively simple structures or even square lattices [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . This enables us to study how the factors, which have been chosen as the important ones for a phenomenon under study, influence the outcome, while avoiding the possible effects of other attributes.
Spatial Distributions of Competing Opinions
Geographic distribution of competing opinions can be visualized, for example, in the distribution of party members, or in the records of electoral voting. In order to study the effect of geographic heterogeneity on the opinion competitiveness, one needs to quantify the heterogeneities of spatial distributions. For this purpose, the spatial network can be divided into blocks (cells) allowing to construct the spatial (geographic) distributions of rival opinions. In the case of voter networks, these cells can be associated either with pooling stations, or with electoral districts. In this regard, it is pertinent to note that in the two-state spin models, the spatial distributions of opposite spins are strongly coupled and so the spatial heterogeneity of negative spin distribution is intimately related to the spatial heterogeneity of the positive spin distribution. In a three-state model, non-zero spins can be distributed among cells by random sampling without replacement, such that there is no correlation between spatial distributions of opposite spins, if the third (neutral) state is prevalent.
So, let us consider a voter network with N nodes divided into K cell of different sizes j n , where 
where the normalized occupation probability is equal to: It should be pointed out that the entropy of distribution is not the only possible measure of heterogeneity in the spatial distribution of spin. One can also use appropriate functions of different moments of the probability density function, or, in some cases, the ratio of the mean to median of the spatial distribution [16] . The last is the measure of the degree of spatial concentration of the spin distribution among cells.
Details of Monte Carlo Simulations
In order to diminish the number of model parameters, in this work we used the square lattices of size N divided on K square cells of the same size
. Specifically, we used square lattices with = N 1600, 2500, 3600, and 4900 nodes divided into 100 / N K = square cells (districts) with 100 nodes each (see Figure 1) and periodic boundary conditions. 
and (d) the corresponding distribution of spins at the transition from the three-to two-state regime of the majority rule dynamics.
Each node of lattice
can be in one of the three admissible states with = i s 1, −1, or 0. In the voter network, the adepts of rival opinions (parties) can be associated with non-zero spins ( = s 1 or −1), whereas the nodes with spin 0 = s can be associated with uncommitted voters. In order to avoid correlations between initial spatial distributions of the opposite spins, in all simulations performed in this work, the positive spins were initially assigned to 10 randomly chosen nodes in each of N cells, such that
. Afterward, the negative spin was assigned to Figure 1a ,c). Specifically, we used
, where   K denotes the smallest integer not less than K . Therefore, it is a straightforward matter to deduce that
, whereas the occupation probabilities (2) of negative spins are equal to:
where
is the ratio of the distribution's median ( 1
, whereas the entropy (1) of the negative spin distribution (3) is an univalued function of the heterogeneity index Once the initial spin states of all nodes are defined, the system evolves according to the local majority rule as follows. In each update step ( ,...
), all nodes of a randomly chosen group of size G either adopt the state with spin:
or conserve their state, if 0 ) ( = t s . Simulations of the two-state majority rule model on square lattices performed in [20] suggest that the size of the discussion group does not have qualitative effects on the spin dynamics. Hence, in this work, the discussion group of size 5 = G was defied as the von Neumann neighborhoods which can be located in the same or different cells. Thus, in each step a node with its neighborhoods was selected by random sampling with replacement, without any reference to cells. Consequently, not all nodes are necessary updated during the cycle of N updates. In this work, at least 10 6 simulations were performed with each initial spin distribution on lattice of size 2500 = N . Additionally, the Monte Carlo simulations were performed for some initial spin distributions on lattices of other sizes.
It is a straightforward matter to understand, that neutral states will disappear necessarily, after a sufficient number of updates; and subsequently, the system will involve in a two-state majority rule regime. Hence, the consensus will be necessarily reached. Accordingly, the quantities that we focus on are: (1) the number of updating steps until, getting to the last state with the spin zero has been disappeared ( tr t ); (2) the system magnetization 
Results and Discussion
The main aim of this study is to reveal how the initial heterogeneity of the spatial distribution of competing opinion affects the opinion's own competitiveness. Therefore, the key question to be answered by Monte Carlo simulations is: How does the initial heterogeneity in the spatial distribution of the opposite spins (rival opinions) affect the majority rule dynamics when the size of the discussion group is odd? Accordingly, the three issues that we address in this work are:
(1) What happens with the three-state regime during the majority rule system evolution? How does the number of update steps needed to disappear all the neutral state ( tr t ) depend on the lattice size and the initial distributions of opposite spins? Does the system have a non-zero magnetization at the transition from the three-to two-state regime? If yes, how does the magnetization depend on the initial heterogeneity in the spatial distributions of the opposite spins? How are the opposite spins distributed among cells once the last neutral state has disappeared? (2) How does the heterogeneous system to consensus in the two-state regime? How does the heterogeneity in the initial spatial distributions affect the time to consensus C T in the different scenarios of evolution? (3) How does the heterogeneity in the initial spatial distribution of one of two rival opinions affect its own probability to win the competition?
First of all, we found that the time to transition from the three to two -state regime increases linearly, with respect to the number of nodes N and it is independent of the initial spatial distributions of non-zero spins. This means that our majority rule model evolves in the three-state regime during only the first 05 . 0 30 .
cycles of N updates, independently of the lattice size and heterogeneity in the initial spatial distributions of the rival opinions. Furthermore, we found that the magnetization at the transition from the three-to two-state regime ) ( ) ( Figure 3a) . Likewise, we found that the heterogeneities of spin distributions at the transition from the three-state to the two-state regime are characterized by entropies ) ( (see Figure 3b) . It is pertinent to point out that these results were reproduced on lattices of different sizes. ; curves-data fittings to eye guide.
Therefore, although the evolution of our three-state system in the two-state is governed by the same updating rule as in the classic two-state majority rule model studied in [18] [19] [20] , the spatial distributions of the competing states after
updates in the three-state regime (see Figure 1d ) differ from the spin distributions after N 3 . 3 updates in the classic two-state majority rule model. The last is similar to the spin distributions after 0 t updates in the three-state system with 1 ) 0 ( ) 0 ( Figure 1b) . After all the neutral states have disappeared, there are two different scenarios of three-state system evolution in the two-state majority rule regime, similar to those observed in [18] [19] [20] for the two-state majority rule model. Specifically, in most realizations, one opinion quickly becomes dominant and eventually wins after
cycles of updates. In the remaining realizations, the system reaches a long-living non-consensus configuration associated with segregation of alternative states (opinions), into two or more nearly straight stripes (see Figure 5 in [20] ). These stripes are ultimately unstable and so consensus is always reached, albeit very slowly. The authors of [20] have suggested two ways of automatic detection of stripe configurations. One is based on the analysis of correlation functions for two spins that are located a distance 2 / N apart (stripe state arises if the correlation function in the direction(s) parallel to the stripe is greater than a threshold value about 0.5). Alternatively, all realizations with S C t t > were counted as reaching a coherent state [20] . Specifically, in simulations on lattices of size 2500 = N with 3 = G it was found that 600 = S t [20] . Both methods lead to essentially the same results. In this work, we confirm this result in the case of 3 = G and found that in the case of discussion group size 5 = G ; all realizations with 210 >
CS t
updates are characterized by the stripe configurations. In this way, we found that in the case of uniform initial distributions of both positive and negative spins (that is 1 ) 0 ( ) 0 (
) non-consensus long-living configurations (stripes) are formed with probability = S P 30% ± 3%, as this is in the case of the two-state majority rule model [20] , as well as in the zero-temperature evolution of the Ising model with Glauber kinetics [22, 23] . We also found that the characteristic time to consensus in systems with long-living stripes scales with the system size as:
in agreement with the scaling reported in [20] for the two-state majority rule model. At the same time, we noted that when the initial spin states in the two-state majority rule model are randomly distributed with equal densities, then the probability to reach a coherent non-consensus state is approximately = S P 33% and quickly decreases as the difference between initial spin densities ) 0 ( p Δ increases (see Figures 8 and 9 from [20] ). Controversially, in our simulations we found that the probability to form a non-consensus coherent state increases with the increase of 0 H Δ (see Figure 4a) as:
notwithstanding that tr p Δ is also the increasing function of 0 H Δ (see Figure 3a) . Accordingly, although the increase of S P with increase of Figure 4a ). This unexpected reverse behavior of S P can be associated with the characteristic spatial heterogeneity of the opposite spin distributions at the starting of the two-state regime in the three-state majority rule model (see Figure 3a) . This means that the effect of heterogeneity in the spin spatial distributions at the transition point exceeds the effect of magnetization at this point. For realizations without long-living coherent configurations, we found that a consensus is reached after: are fitting constants (see Figure 5b ). At the same time, we found that the probabilities to reach the consensus in positive ( 1 P ) or negative ( 1 − P ) spin state, both are linear functions of 0 H Δ , such that:
where the fitting constant is found to be 04 . 0 81 . 0 ± = g (see Figure 6a ). Notice that from Equations (5) and (10) it follows that:
where Figure 6b) . So, the decrease of opinion competitiveness due to the heterogeneity in the initial spatial distribution is yet determined by the system evolution in the three-state regime during the first 3.3 update cycles. Elections provide a precise global measurement of the state of the electorate's opinions and so constitute an ideal playground for application of the statistical physics tools to model the opinion dynamics. In this background, the decrease of ) (
and probability to win ( 1 − P ) as the heterogeneity in the initial spatial distribution of party adepts increases explains the well known fact that the "electoral strength" of political party depends not only on the number of party members, but also on their distribution among the electoral districts (see [24] ). Specifically, a spatial concentration of party members unfavorable affects its global electoral performance. This is consistent with empirical observations [25] .
On the other hand, although the concentration of party members in a few districts leads to decrease the possibility to win (see Figure 6a) , it aids the formation of stable regions in which the party is dominant (see Figure 4a ), as this is actually observed in Mexico (see [25] ). An interesting issue on the minority survival was discussed in [26] . Specifically, the authors of [26] have pointed out that a minority cluster tends to have biased estimates of the relative popularity of opinions in the society as a whole.
Conclusions
Summarizing, heterogeneity in the initial geographic distribution of a competing opinion leads to decrease of its own competitiveness. This illustrates the empiric observation that the electoral strength of party tends to increase as the spatial distribution of party adepts becomes more homogeneous. One of the striking findings of this study is that the competitiveness decrease rate is determined during the first 3.3 update cycles of system evolution in the three-state regime, whereas the total time to consensus tr C T T >> is independent of the initial geographic distributions of rival opinions. On the other hand, the concentration of party adepts in a few districts assists the formation of stable regions of this party dominance, even when the cells of the adept's concentration were not initially connected. Moreover, we found that the effect of heterogeneity in spatial distributions of spins at the transition point exceeds the effect of magnetization at this point, such that the probability to form the coherent state increases as the magnetization at the transition point increases. Such unexpected behavior can be associated with a peculiar spatial distribution of rival opinions at the starting point of the two-state regime in the three-state majority rule model and requires further analysis.
In a more general context of spin dynamics, the findings of this work provide an insight into majority rule dynamics of three-state spatially embedded networks that may be useful to understand some general features in evolution of a wide variety of physical, biological, and social systems. In this regard, the empirical relations found in this work may be useful for further insight. There are, of course, many other possible factors which could be included into our model to make it more realistic.
